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Centroids & Moments of Inertia of Beam Sections
Notation:
A = name for area ro = polar radius of gyration
b = name for a (base) width re = radius of gyration with respect to an
C = designation for channel section X-axis
= name for centroid r, = radius of gyration with respect to a
d = calculus symbol for differentiation y-axis
= name for a difference t = name for thickness
= name for a depth tt = thickness of a flange
d« = difference in the x direction tw = thickness of web of wide flange
between an area centroid (X) and W = name for force due to weight
the centroid of the composite shape = designation for wide flange section
(X) X = horizontal distance
dy = difference in the y direction X = the distance in the x direction from
between an area centroid (y) and a reference axis to the centroid of a
the centroid of the composite shape shape
(%) X = the distance in. the x directior! from
F, = force component in the z direction a reference axis to the centroid of a
h  =name for a height _ composite shape
I = moment of inertia about the y _ vertlc_al dlsta_nce S
centroid y = the distance in the y direction from
I, = moment of inertia about the a reference axis to the centroid of a
centroid R shape _ o
I, = moment of inertia with respect to an y = thedistance in the y direction from
X-axis a reference axis to the centroid of a
l, = moment of inertia with respect to a composite shape
y-axis z = distance perpendicular to x-y plane
Jo = polar moment of inertia, as is J P = plate symbol
L = name for length ] = symbol for integration
O = name for reference origin A = calculus symbol for small quantity
Qx = first moment area about an x axis y = density of a material (unit weight)
(ysmg y distances) : 2 = summation symbol
Qy = first moment area about an y axis

(using x distances)

The cross section shape and how it resists bending and twisting is important to understanding
beam and column behavior.

The center of gravity is the location of the equivalent force representing the total weight of a
body comprised of particles that each have a mass gravity acts upon.
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Resultant force: Over a body of constant thickness in x and y

SF, = AW, =W W =[dw
i=1

Location: X, y is the equivalent location of the force W from all AW;’s over all x & y
locations (with respect to the moment from each force) from:

\ dw
ZMVZZXiAWi:)_(W XW:IXdW:)‘(:-[X OR )—(:z()\(/iw)

i=1

\ ydw - T
ZMX =zyiAWi=yVV yV\/:IydW:y:J‘T OR y:Z(i//V )

i=1

e The centroid of an area is the average x and y locations of the area particles

For a shape of a uniform thickness and material:

AW, = ytAA,  where:
v is weight per unit volume (= specific weight) with units of N/m® or Ib/ft?
tAA, is the volume

Soif W =#A:
XA = .fx;/tdA = XA= jdi OR [X= Z(xah) and similarly |y = X(yA%)
A A
Similarly, for a line with constant cross section, a (AW, = jaAL,):
XL = jde OR [X= % and yL= I ydL OR y= z({AL)

e X, Yy with respect to an x, y coordinate system is the centroid of an area AND the center of
gravity for a body of uniform material and thickness.

e The first moment of the area is like a force moment: and is the area multiplied by the
perpendicular distance to an axis.

Q, = [ydA=yA Q, = [xdA =xA Y

<l

L L/—

I ]
<
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e Centroids of Common Shapes
Centroids of Common Shapes of Areas and Lines

Shape x ] Area
A h bh

T h on
riangular area 5 -
Quarter-circular 4r 4r ar?
area 37 37 4
Semicircular area 0 Ar ar?
37 2

Semiparabolic 3a 3h 2ah
area 8 5 3
Parabolic area 0 3h dah
[ 3
Parabolic span- 3a 3h ah
drel 4 10 3
Circular sector 2’;{# 0 ar?
Quarter-circular 2r 2r o
arc T T 2
Semicircular arc E} % 0 % wr
r//:\
Arc of circle o= f/ _IE . et 0 2ar
T a
fes i
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e Symmetric Areas

An area is symmetric with respect to a line when every point on one side is mirrored on
the other. The line divides the area into equal parts and the centroid will be on that axis.

An area can be symmetric to a center point when every (X,y) point is matched by a (-x,-y)
point. It does not necessarily have an axis of symmetry. The center point is the centroid.

If the symmetry line is on an axis, the centroid location is on that axis (value of 0). With
double symmetry, the centroid is at the intersection.

Symmetry can also be defined by areas that match across a line, but are 180° to each
other.

Basic Steps (Statical Moment Method)

1.

2.

Draw a reference origin.
Divide the area into basic shapes
Label the basic shapes (components)

Draw a table with headers of Component, Area, X, XA, y, YA

Fill in the table value

Draw a summation line. Sum all the areas, all the XA terms, and all the yA terms

Calculate xand y

e« Composite Shapes

If we have a shape made up of basic shapes that we know centroid locations for, we can find

an “average” centroid of the areas.

y
RA=ZY A =D KA JA=YD A =D VA
i=1 i=1 i=1 i=1
. . Al AZ A3
Centroid values can be neqgative.
Area values can be negative (holes) X
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. Definition: Moment of Inertia; the second area moment

y/\
I, = Zx7AA = [x*dA I, =Ty AA=[y’dA
(or1,_ =>7%a)
We can define a single integral using a narrow strip: dA = y-dx
for Iy, strip is parallel to x for Iy, strip is parallel to 'y . 7 X

*] can be negative if the area is negative (a hole or subtraction).

A shape that has area at a greater distance away from an axis through its centroid will have a
larger value of I.

N . “J-x DR S I «

« Just like for center of gravity of an area, the moment of inertia can be determined with
respect to any reference axis.

« Definition: Polar Moment of Inertia; the second area moment using polar coordinate axes

J, :Jrsz:szdA+Iy2dA
I, =1, +1,

. Definition: Radius of Gyration; the distance from the moment of pole

inertia axis for an area at which the entire area could be considered as
being concentrated at.

[l : o
I, =r’A=r, = KX radius of gyration in X

| . .
r, = \/% radius of gyration in y

[ . :
r, = KO polar radius of gyration, and r,> = +r,°
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The Parallel-Axis Theorem

. The moment of inertia of an area with respect to any axis not through its centroid is equal to
the moment of inertia of that area with respect to its own parallel centroidal axis plus the
product of the area and the square of the distance between the two axes.

B axis through centroid
at a distance d away
from the other axis

I =[y*dA=[(y-d)*dA
= [y?dA+2d [ y'dA+d* [dA

A axis to find moment of
inertia about

butjy’dA =0, because the centroid is on this axis, resulting in:

| =1,+Az°? (text notation) or I, =1, +Ad,

where |, (or 1) is the moment of inertia about the centroid of the area about an x axis and
dy is the y distance between the parallel axes

Similarly I, = fy + AdX2 Moment of inertia about a y axis
J,=J, +Ad? Polar moment of Inertia
r’=r’+d?’ Polar radius of gyration
r’=r’+d? Radius of gyration

* | can be negative again if the area is negative (a hole or subtraction).
** |f | isnotgiven in achart, but X & y are: YOU MUST CALCULATE | WITH I =1 — Ad?

Composite Areas:

I =>T+XAd* where Tisthe moment of inertia about the centroid of the component area
d is the distance from the centroid of the component area to the
centroid of the composite area (ie. dy= §-y)

Basic Steps

Draw a reference origin.

Divide the area into basic shapes
Label the basic shapes (components)
Draw a table with headers of

Component, Area, X, XA, y, YA, I, dy, Ad/,

el e

I, dy, Ady

Fill in the table values needed to calculate Xand y for the composite
Fill in the rest of the table values.
7. Sum the moment of inertia (1°s) and Ad? columns and add together.

6

o o
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Geometric Properties of Areas
: d L, = {bi’ Area = bh
T I = 1bh X =bl2
ot N S S A about Yy =hi2
Rectangle h | x ? | bottom y
J SR eft
R Jo = 5bh(b* + K)
Triangle

I, = bl b
X =
I = {;bl’ A
X I _—1h3 o
| X1 g =400 | y=h4
_ 2 _m?
Area=7r° = 4
Circle I, =1,=m/
Jo = %frr4 X=0
y =0
I =0.1098r
2
_ ) Area= 71 ) = ﬂdé
Semicircle | v nrt/ 8
X
X = V = 4r
X=0 y 3
I =0.0549r¢ -/ _d?
I_x st Area A 16
= 0.0549r*
srele y ¥ = 4r
Quarter circle X .
y = 4r
y 3r
I = lmab’ Area = 7ab
Ellipse I, = jwd’b o
Jo = imab(a® + ) ))_(/_:00
Semiparabolic ~
ros | =16ahs /175 | Area= 4a%
Parabolic area I_y ) 433h/15 X=0 y = 3%
3 / = ah
I =37ah/2100 | Aea=<)3

Parabolic span-
drel

I,=a%h,/80

7 =3y
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y
Example 1
H CG
3 -
Determine the centroidal x and y distances for the compos- 3" &
itearea shown. Use the lower left corner of the trapezoid as x = ¥
the reference origin. o _
x=5
Component Area (A) (in.?) X (in.) XA (in.%) y(in.) yA(in.)
y . 202.5in°
gl 40.5in’
s 2 (23 )~ 135in? 6" 81in? 4" 54in.3 =5in
o, %
(a) .
G- 94.5in3
, 40.5in?
. =2.33in
N 1 £ 9" (3") = 27 in.2 45" 121.5in? 15" 40.5 in.?
| X
(b)
A=Y A=40.5in.? > XA =202.5in.’ > YA =94.5in?
9 4'
Example 2 ol ¢ .
Analternate method that can be employed in solving this 10
problem is referred to as the negative area method.
A 6” thick concrete wall panel is precast to the dimensions as shown. Using the lower left
corner as the reference origin, determine the center of gravity (centroid) of the panel. i 10
+ | ¥
9' 4'
Ref. origin
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1" |Y
Example 3 X =3.05"
Find the moments of inertia (X =3.05", { = 1.05"). dy1=0.95]
( y ) Y / Ye2 dy=0.55"
2 1 § =1.05"
Ref—"| |dy=255" | g =145
g
L. d, Ad}? L Ad?
Component (in.}) (in.) (in.%) (in.}) (in.) (in.})
Ye1
1)@ @a)y
4 = =35, ) { —— =0, ; !
- T 533 | 0.95 3.61 55 033 | 2.55 26.01
!
Ye2 AP 3
1 1
o] xe | DX _ 0.58 | 0.55 2.12 oy _ 28.58 | 1.45 14.72
[ 12 12
=
>k =591 > Ad? =573 31, = 2891 > Ady = 40.73
6"
y
Example 4 I
Determine the I about the centroidal x-axis. I | =5
| X X PN X
£ hq=6"
C | =
| 2] 2| o] by=6
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Example 5

Determine the moments of inertia about the
centroid of the shape.
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Solution:
There is no reference origin suggested in c
figure (a), so the bottom left corner is good.
In figure (b) area A will be a complete rectangle, 0
while areas C and A are "holes" with negative area
and negative moment of inertias.
Area A =200 mm x 100 mm = 20000 mm? Ix = (200 mm)(100 mm)3/12 = 16.667 x 106 mm*
ly = (200 mm)3(100 mm)/12 = 66.667 x 108 mm#
Area B = -r(30 mm)? = -2827.4 mm? Ix = ly = -1t (30 mm)#/4 = -0.636 x 106 mm¢*
Area C = -1/2(50 mm)2 = 3927.0 mm? Ix = -7t (50 mm)#/8 = -2.454 x 106 mm?*
ly =-0.1098(50 mm)= -0.686 x 108 mm#
Area D =100 mm x 200 mm x 1/2 = 10000 mm? Ix = (200 mm)(100 mm)3/36 = 5.556 x 106 mm#
ly = (200 mm)3(100 mm)/36 = 22.222 x 106 mm+
shape A(mm?®) [x (mm) [xA (mm°) [j (mm) [jA (mm?) “_ 2159218mm?®
A 20000 100 2000000 50| 1000000 23245.58mm?
¢ | ‘aomos| ravee| asma|  so| asewo  §e MM
- . . - . - i y——
D 10000| 66.66667| 666666.7| 133.3333| 1333333 23245.88 mm
23245.58 2159218 1995612
shape I (mm*) d, (mm) Ady2 (mm*) ly (mm?*) d, (mm) Adx2 (mm?)
A 16666667 35.8 25632800( 66666667 -7.1 1008200
B -636173 35.8| -3623751.73| -636173 -57.1{ -9218592.093
C -2454369 35.8] -5032988.51| -686250| 71.67934( -20176595.22
D 5555556| -47.5333| 22594177.8| 22222222 26.23333| 6881876.029
19131680 39570237.5| 87566466 -21505111.29|

So, Ix = 19131680 + 39570237.5 = 58701918 = 58.7 x 106 mm+*

Ix = 87566466 +-21505111.3 = 43572025 = 66.1 x 106 mm?*

10

=929 mm

=85.8 mm
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Yeq Y/-m‘12x1 in

Example 6 x
= I ]

Locate the centroidal x and y axes for the cross-section shown. L !

Use the reference origin indicated and assume that the steel

plate is centered over the flange of the wide-flange section.

Compute the I, and I, about the major centroidal axes. B Xep

/W1 2x53

C Ref. origin
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